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Abstract
The existence of global smooth solutions to the multi-dimensional hydrodynamic model for
plasmas of electrons and positively charged ions is shown under the assumption that the initial
densities are close to a constant. The model consists of the conservation laws for the particle
densities and the current densities, coupled to the Poisson equation for the electrostatic
potential. Furthermore, it is proved that the particle densities converge exponentially fast to
the (constant) steady state. The proof uses a higher-order energy method inspired from
extended thermodynamics.
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1. Introduction
Recently, Peng and one of the authors [23] started a program to derive rigorously
a hierarchy of macroscopic models for plasmas. The models are derived from the
hydrodynamic equations for two charge carriers (usually, electrons and positively
charged ions) by performing various asymptotic limits in which a small parameter
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tends to zero. The limit of vanishing (scaled) relaxation time and, under some
conditions, the limit of vanishing (scaled) electron mass has been performed in
[11,20,22] (also see [2,3,18,31]).
The limit of vanishing Debye length (the so-called quasineutral limit) has been
studied by Cordier and Grenier for the transient model [5] and by Slemrod and
Sternberg for the stationary equations [35]. A combined relaxation-quasineutral limit
has been performed by Gasser and Marcati [9].
These results hold for weak entropy solutions or smooth solutions to the
hydrodynamic model in one space dimension. No results are available in several
space dimensions (however, see [25]). The reason is that there is no global existence
theory in several space dimensions as in the one-dimensional case. The main goal of
this paper is to prove the existence of smooth solutions to the multi-dimensional
hydrodynamic equations for electrons and ions. This is a ﬁrst step in showing the
asymptotic limits explained above also in the multi-dimensional case. For the
vanishing relaxation-time limit, see Remark 3 at the end of Section 4.
More speciﬁcally, we consider an unmagnetized plasma consisting of electrons
with (scaled) mass me and charge qe ¼ 1 and of a single species of ions with mass mi
and charge qi ¼ þ1 [19]. We denote by ne ¼ neðx; tÞ; je ¼ jeðx; tÞ (ni; ji; respectively)
the scaled particle density and current density of the electrons (ions, respectively) and
by f ¼ fðx; tÞ the electrostatic potential. These variables satisfy the following scaled
Euler-Poisson system:
@
@t
na þr  ja ¼ 0;
ma
@
@t
ja þ mar 
ja#ja
na
 
þrpaðnaÞ ¼ qanarf ma jata;
 l2Df ¼ ni  ne; ð1Þ
where a ¼ e; i; ðx; tÞARd  ð0;NÞ; dX1; and the kth component of the term r 
ðja#ja=naÞ equals
Xd
c¼1
@
@xc
jcaj
k
a
na
 
:
Here, the pressure functions are regular functions satisfying
pACsð0;NÞ; p0aðnaÞ40 for all na40; ð2Þ
with s4d=2þ 1: In particular, this condition is satisﬁed if
paðnaÞ ¼ cangaa ;
where ca40 and gaX1 are constants. In this case, the plasma is called isothermal if
ga ¼ 1 and adiabatic if ga41:
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The physical parameters are the (scaled) electron and ion mass me and mi; the
momentum relaxation time constants te; ti40 of the electrons and ions, respectively,
and the Debye length l40: For the precise scaling of the equations, we refer to
[19,21]. For simplicity, in the following we will set me ¼ mi ¼ 1 and te ¼ ti ¼ t:
System (1) is supplemented by initial conditions for na and ja (a ¼ e; i), and by
boundary conditions for f:
naðx; 0Þ ¼ na0ðxÞ; jaðx; 0Þ ¼ ja0ðxÞ; xARd ; ð3Þ
lim
jxj-N
fðx; tÞ ¼ 0; a:e: t40: ð4Þ
The homogeneous boundary condition for f means that the plasma is in equilibrium
at inﬁnity.
Eqs. (1) have been mainly studied only in one space dimension and usually only
for one carrier type. The stationary one-dimensional model has been ﬁrst studied by
Degond and Markowich [6]. They proved the existence and uniqueness of subsonic
solutions. The extension to the transonic case has been done by Gamba [7]. Global
existence of classical or weak entropy solutions to the one-dimensional hydro-
dynamic model has been shown by Zhang [37], Poupaud et al. [34], Marcati and
Natalini [31], Luo et al. [29], Hsiao and Yang [16], for the whole-space or the initial-
boundary value problem, and for isothermal or isentropic pressure–density relations.
In some of these papers, also the large-time behavior of the solutions has been
analyzed and the exponential (local) stability of the steady states is proved. For more
references, we refer to the review paper [26].
The hydrodynamic equations for two carrier types (the so-called bipolar
model) have been considered only recently. Natalini [33], Hsiao and Zhang
[17], and Zhang [38] obtained global weak entropy solutions for the whole
space or initial-boundary value problem. Moreover, Hattori and Zhu [12]
proved the stability of steady states. Gasser et al. [8] showed that the electron
and ion densities tend both to the same nonlinear diffusive wave in the long-time
limit.
In the case of several space dimensions (for one carrier type), there are only some
partial results concerning the existence of solutions to (1). This comes from the fact
that the theory of weak entropy solutions for isentropic gas dynamics is only well
developed in one space dimension (see [27,28]).
The existence of global solutions to the multi-dimensional problem has been
studied in the literature, but only under additional assumptions (see [24,30] for local
classical solutions): Chen and Wang [4] proved the existence of (global) weak
solutions when system (1) possesses a geometric structure. Spherically symmetrical
smooth solutions are considered by Hsiao and Wang [14,15]. Small smooth
irrotational solutions have been found by Guo [10]. The existence of small smooth
solutions without any geometric structure assumption has been shown by Hsiao et al.
[13]. Finally, Alı` [1] proved the existence of smooth solutions, close to the thermal
equilibrium state, to the full hydrodynamic model, consisting of the balance laws of
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mass, momentum and energy. These results refer to the hydrodynamic model for one
carrier type only.
In this paper we prove that problems (1), (3) and (4) possesses a global smooth
solution if the initial densities are close enough to a constant (which is the same for
both the electron and the ion density) and if the initial current densities are small
enough in some norm. This means that we are able to prove the existence of small
solutions. As explained above, a proof of the existence of large solutions without any
additional assumption cannot be expected with the actual methods of hyperbolic
theory.
This paper generalizes the results of [13] since we consider the hydrodynamic
model for two carrier types and since our results are valid in any space dimension.
(The paper [13] deals with the model for one carrier type in at most three space
dimensions.) A consequence of this fact is that we obtain arbitrarily smooth solutions
if the initial data is smooth enough (in the sense of HsðRdÞ for any s4d=2þ 1). As a
byproduct of the existence proof, we can show the exponential stability of the steady
states ne ¼ ni ¼ const: and je ¼ ji ¼ 0; i.e., the particle densities converge exponen-
tially fast to the constant steady state. Moreover, our method allows to extend the
existence result easily to the full hydrodynamic model consisting of the conservation
laws of mass, momentum and energy (see Remark 2 at the end of Section 4).
The main results of this paper are comprised in the following theorem.
Theorem 1 (Global existence and asymptotic decay). Let (2) hold and let dX1; nn40
and sAN with s4d=2þ 1: There exists e40 such that, if
jjðna  nn; ja;rfÞð; 0ÞjjHspe;
then Eqs. (1), (3), (4) have a unique classical solution ðna; ja;rfÞðx; tÞAC1ðRd 
½0;NÞÞ: Furthermore,
ðna  nn; ja;rfÞAC0ð½0;NÞ; HsÞ-C1ð½0;NÞ; Hs1Þ;
and
jjðna  nn; ja;rfÞð; tÞjj2HspceKt;
where c ¼ cðeÞ and K are positive constants.
The proof is based on an energy method in order to obtain a priori bounds which
allow to extend the local solution. (The existence of a unique local solution follows
from standard arguments; see Section 3). Actually, the physical energy only provides
L2 estimates which do not allow to extend the local solution to a global one. In order
to get higher order estimates in Hs we use ideas from extended thermodynamics [32].
Speciﬁcally, the existence of an additional conservation law, such as (in our case) the
thermodynamical energy or (in general) the entropy, is equivalent to the
symmetrizability of the system. In extended thermodynamics the system is
symmetrized by using Lagrange multipliers which arise from the existence of the
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conservation of the entropy. Here, we use the Lagrange multipliers in order to derive
higher order estimates for the ﬂuiddynamical variables. Then, the ﬁnal estimates are
obtained by combining these results with correction terms which account for the
electric ﬁeld.
The paper is organized as follows. In Section 2 some notations are introduced and
two Moser-type calculus lemmas are recalled. The local existence result is stated in
Section 3. Finally, in Section 4 our main result is proved.
2. Notations and basic lemmas
We start this section by introducing a notation for the components of the kth
derivative operator [36]. The derivative operator is deﬁned by
D ¼ ð@1; @2;y; @dÞ; @i ¼ @
@xi
; i ¼ 1;y; d:
Sometimes we use the symbol r instead of D: For any kX0; the kth derivative
operator is deﬁned by
D0 ¼def I ; Dk ¼def DDk1; kX1:
Let J ¼ ðj1;y; jkÞ be a k-tuple of integers between 1 and d: We set
@J ¼ @j1@j2?@jk ;
and jJj ¼ k; the total order of differentiation.
For any f ; gACkðRdÞ; we consider Dkf ; Dkg as vectors in ðC0Þdk and deﬁne the
Euclidean norm and scalar product
jDkf j ¼
X
jJj¼k
ð@J f Þ2
0
@
1
A
1=2
; Dkf  Dkg ¼
X
jJj¼k
ð@Jf Þð@JgÞ:
We can extend these deﬁnitions to a vector-valued function v ¼ ðv1;y; vdÞ
AðCkðRdÞÞd by
jDkvj2 ¼
Xd
r¼1
X
jJj¼k
ð@JvrÞ2; Dkv  Dkw ¼
Xd
r¼1
X
jJj¼k
ð@JvrÞð@JwrÞ:
The symbol# denotes the tensorial product, which combines two symmetric tensors
with k and l indices to give a symmetric tensor with k þ l indices. In particular, we
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have the following formula for the kth derivative of the product of two functions:
DkðfgÞ ¼
Xk
r¼0
k
r
 !
ðDrf Þ#ðDkrgÞ: ð5Þ
Remark 1. The most common notation for the derivatives makes use of a d-tuple
a ¼ ða1;y; adÞ of nonnegative integers, and of the symbol
@a ¼ @a11 @a22 ?@add :
The order of derivation is jaj :¼Pdi¼1 ai: If jJj ¼ jaj ¼ k; and fACkðRdÞ; then @Jf ¼
@af ; with ai ¼ #fl : jl ¼ ig: It is simple to prove that the Euclidean norm jDkf j
*
of
the independent components of Dkf ; deﬁned by
jDkf j
*
¼
X
jaj¼k
ð@af Þ2
0
@
1
A
1=2
;
is equivalent to jDkf j; since [36]
jDkf j ¼
X
jaj¼k
k!
a!
ð@af Þ2
0
@
1
A
1=2
; a! ¼ a1!?ad !:
All the functional spaces will be considered on Rd ; so we will omit the argument. We
will use the following norms:
jjf jj ¼ jjf jjL2 ¼
Z
jf ðxÞj2 dx
 1=2
;
jjf jjHk ¼
Xk
i¼0
jjDif jj;
jjf jjLN ¼ sup
xARd
jf ðxÞj;
jjf jjCk ¼
Xk
i¼0
jjDif jjLN :
In the following, the symbol C will denote a generic positive constant. Sometimes
we will write Cða1;y; amÞ; to signify that the generic constant C depends on the
arguments a1;y; am: We will use the following classical Lemma [30,36].
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Lemma 1 (Moser-type calculus). If f ; gAHk-LN; then we have
jjDkðfgÞjjpCðkÞðjjf jjLN jjDkgjj þ jjgjjLN jjDkf jjÞ: ð6Þ
If fAHk; DfALN; gAHk1-LN; then we have
jjDkðfgÞ  fDkðgÞjjpCðkÞðjjDf jjLN jjDk1gjj þ jjgjjLN jjDkf jjÞ: ð7Þ
If FðwÞ is a smooth vector-valued function and f ðxÞ is a continuous function which
takes values into a compact subset of the domain O of F ; with fAHk-LN; then we
have
jjDkFðf ÞjjpCðk; F ; jjf jjLNÞjjDkf jj; ð8Þ
where
Cðk; F ; jjf jjLNÞ ¼ CðkÞ
@F
@w


Ck1
Xk
m¼1
jjf jjm1LN
 !
;
with
@F
@w


Ck
¼ sup
wAO
Xk
i¼0
@
@w
 i
FðwÞ

:
We use also the following result [1].
Lemma 2. If FðwÞ is a smooth vector-valued function and f ðxÞ; gðxÞ are continuous
functions which take values into a compact subset of the domain O of F ; with gALN;
DgAHk1 and f  gAHk-LN; then we have
DkðFðf Þ  FðgÞÞ  @F
@w
ðgÞDkðf  gÞ




pCðF ; f ; gÞðjjf  gjjLN jjDkðf  gÞjj þ jjDgjjHk1 jjf  gjjHk1Þ; ð9Þ
where the constant C depends on the Ck-norm of the derivative of F ; on jjgjjLN and on
jjf  gjjLN :
All the results of this section are still true when f and g are vector-valued
functions.
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3. Local existence
We consider an equilibrium solution of (1), that is a stationary solution with zero
current density,
rpaðnnaÞ ¼ qannarfn; l2Dfn ¼ nni  nne :
Speciﬁcally, we take the constant solution
nni ðxÞ ¼ nne ðxÞ ¼: nn ¼ constant; fnðxÞ ¼ 0:
We introduce the electric ﬁeld E ¼ rf and the notation
F ¼ ðni; ji; ne; jeÞ?; Fn ¼ ðnn; 0; nn; 0Þ?:
For any function f ðF;EÞ; we introduce the symbol df ¼ f ðF;EÞ  f ðFn; 0Þ: We want
to study the existence and the long-time behavior of a solution ðF;EÞ of (1) which is
close enough to an equilibrium solution ðFn; 0Þ; in an appropriate norm. More
precisely, we assume that the Hs norm of the initial value of ðdF;EÞ is sufﬁciently
small, with s4d=2þ 1:
By using a contraction mapping argument, it is simple to establish the local
existence of a unique solution to the Cauchy problem (1), (3) and (4).
Theorem 2. Let s be an integer greater than d=2þ 1 and nn a strictly positive constant.
Under the assumption that dFðx; 0Þ and Eðx; 0Þ belong to HsðRdÞ; there exists a unique
smooth solution dFðx; tÞ; Eðx; tÞ to the Cauchy problem (1), (3) and (4) defined in the
maximal interval of existence ½0; TmaxÞ: The solution satisfies
ðdF;EÞð; tÞACð½0; TmaxÞ; HsÞ-C1ð½0; TmaxÞ; Hs1Þ: ð10Þ
Moreover, if Tmax is finite, then
jjðdFð; tÞ;Eð; tÞÞjj2Hs-N
as t-Tmax:
The occurrence of the electric ﬁeld E in the Euler equations deserves a further
comment. As noted in [13], using Green’s formulation, we can express E in terms of
the electric current ji  je;
l2E ¼ rD1ðni0ðxÞ  ne0ðxÞÞ  rD1r 
Z t
0
ðji  jeÞðx; tÞ dt: ð11Þ
The symbol rD1r can be written as a sum of products of Riesz’s transforms.
Then, by the L2 boundedness of the Riesz transform, for any function w in
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ðHsðRdÞÞd ; sX0; we have
jjrD1r  wjjHspCjjwjjHs ; C
Z t
0
ðji  jeÞðx; tÞ dt




Hs
; ð12Þ
for some positive constant C: Using this estimate, the proof of Theorem 2 is easily
achieved.
As an additional consequence of (11), we note that
l2
@
@t
E ¼ rD1r  ðji  jeÞ: ð13Þ
It is simple to see that Poisson equation ð1Þ3 can be replaced by the nonlocal
evolutionary equation (13), provided that ð1Þ3 is satisﬁed at the initial time.
It is convenient to introduce the electric ﬁeld Ea and the electric potential fa
generated by the charge qaðna  nnÞ: They are deﬁned by the Poisson equation
l2r  Ea  l2Dfa ¼ qaðna  nnÞ;
lim
jxj-N
faðx; tÞ ¼ 0; a:e: t40: ð14Þ
Clearly, we have
E ¼ Ee þ Ei;
and
l2
@
@t
Ea ¼ qarD1r  ja: ð15Þ
Moreover, as a consequence of the deﬁnition of fa and Ea; we have
jjEajjHsþ1pjjfajjHsþ2pCjjdnajjHs : ð16Þ
In the following, we will regard Ei and Ee as auxiliary evolutionary variables, which
satisfy the nonlocal equation (15), with the index a ¼ i; e:
4. A priori estimates
In this section we derive the a priori estimate necessary to extend the local
solutions. The basic estimate is proved by using, as a starting point, the physical
energy and correcting it with additional terms which exploit the coupling with the
electric ﬁeld.
We introduce the notation
U ¼ ðF;EÞ?; V ¼ ðF;Ei;EeÞ?;
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where F ¼ ðni; ji; ne; jeÞ?: Since jEj2p2ðjEij2 þ jEej2Þ; we have
jdUj2p2jdVj2: ð17Þ
For some ﬁxed positive number T ; we assume that a solution U of (1) exists and that,
for all times t in the interval ½0; T ; the function dUðx; tÞ belongs to HsðRdÞ; for an
integer s4d=2þ 1: Then, Ei and Ee exist in the same time interval and belong to Hs:
We deﬁne
UðtÞ ¼ sup
0osot
jjdUð; sÞjjHs : ð18Þ
Using standard Sobolev inequalities and the elliptic regularity estimate (16), there
exists a positive constant CU such that
sup
0osot
jjdVð;sÞjjCrpCUUðtÞ; ros 
d
2
: ð19Þ
Theorem 1 follows from the subsequent energy estimate.
Lemma 3. Let U be a solution of (1), (3) and (4) with the regularity (10). There exist
positive constants C and K such that, if the solution is so small that UðTÞpe; then the
following a priori estimate holds for all tA½0; T :
jjdUð; tÞjj2HspCeKtjjdUð; 0Þjj2Hs : ð20Þ
For clarity of exposition, the proof of Lemma 3 will be organized in three steps,
stated in three separate lemmas.
Lemma 4 (L2-regularity). Let U be a differentiable solution of (1), (3) and (4) in the
time interval ½0; T : Then, in the same time interval, we have
jjdUð; tÞjj2pCjjdUð; 0Þjj2; ð21Þ
for some positive constant C:
Proof. We introduce the thermodynamical energy
eaðnÞ ¼ n eað1Þ þ
Z n
1
paðnÞ
n2
dn
 
; eað1Þ40:
The energy and the pressure are related by
paðnÞ ¼ ne0aðnÞ  eaðnÞ:
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We can write Eqs. (1) as a hyperbolic system of conservation laws, using Einstein’s
summation convention,
@
@t
Fþ @rFr ¼ PðF;EÞ; ð22Þ
with Fr ¼ FrðFÞ and
PðF;EÞ ¼ 0; niE jit; 0;neE
je
t
 ?
: ð23Þ
Poisson’s equation: System (22) admits the additional balance law
@h˜
@t
ðFÞ þ @rh˜rðFÞ ¼ gðF;EÞ;
which holds for all smooth solutions of (22). Here, the thermodynamic energy h˜ ¼
h˜ðFÞ and its ﬂux h˜r ¼ h˜rðFÞ are given by
h˜ ¼ jjij
2
2ni
þ eiðniÞ þ jjej
2
2ne
þ eeðneÞ;
h˜r ¼ jjij
2
2ni
þ nie0iðniÞ
 !
jri
ni
þ jjej
2
2ne
þ nee0eðneÞ
 !
jre
ne
;
and the energy production g ¼ gðF;EÞ is deﬁned as
g ¼ 1
t
jjij2
ni
þ jjej
2
ne
 !
þ E  ðji  jeÞ:
We observe that the function h˜ coincides with the physical energy when E
vanishes. It is simple to see that the energy density is a convex function of F;
meaning that
@2h˜
@F@F
is positive definite:
We can ‘‘center’’ the energy around the constant value ni ¼ ne ¼ nn: In other words,
we replace the pair h˜; h˜r with the shifted pair h; hr deﬁned by
h ¼ h˜  eiðnnÞ  e0iðnnÞdni  eeðnnÞ  e0eðnnÞdne;
hr ¼ h˜r  e0iðnnÞjri  e0eðnnÞjre;
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where dna ¼ na  nn: We recall the notation dF ¼ F Fn: It is immediate to see that
@h
@t
ðFÞ þ @rhrðFÞ ¼ gðF;EÞ; ð24Þ
and hðFÞ is a convex function. Moreover, hðFÞ  hðFn þ dFÞ is equivalent to jdFj2:
Using (24), we ﬁnd
d
dt
Z
h dx ¼ 
Z
1
t
jjej2
ne
þ jjij
2
ni
 !
dxþ
Z
E  ðji  jeÞ dx: ð25Þ
Next, from (13), after integrating twice by parts, we obtain
d
dt
Z
l2
2
jEj2 dx ¼ 
Z
E  rD1r  ðji  jeÞ dx
¼ 
Z
fr  ðji  jeÞ dx ¼ 
Z
E  ðji  jeÞ dx: ð26Þ
Combining (25) and (26), we arrive to the estimate
d
dt
Z
h þ l
2
2
jEj2
 
dx ¼ 
Z
1
t
jjej2
ne
þ jjij
2
ni
 !
dxp0: ð27Þ
This estimate is sufﬁcient to establish the L2 stability. &
In order to prove the asymptotic stability we need some additional estimates.
Lemma 5 (Zero order estimates). Under the assumptions of Lemma 4, there exists
e040 such that, if
sup
0osoT
jjdVð; sÞjjC1pe0; ð28Þ
then for all tA½0; T  we have
jjdUð; tÞjj2pCeKtjjdUð; 0Þjj2; ð29Þ
for some positive constants C and K :
Proof. Starting from (15) and proceeding as in the derivation of (26), we obtain
d
dt
Z
l2
2
jEaj2 dx ¼ qa
Z
Ea  ja dx: ð30Þ
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Also, we have
 qa d
dt
Z
Ea  ja dx
¼ 1
l2
Z
ja  rD1r  ja dx
þ qa
Z
Ea  r  ja#ja
na
 
þrpaðnaÞ þ qanarfþ jat
 
dx
¼ 1
l2
Z
ja  rD1r  ja dx
Z
Ea  naE qat ja
 
dx
 qa
Z
1
na
ðja  rEaÞ  ja dx
1
l2
Z
dnaðpaðnaÞ  paðnnÞÞ dx: ð31Þ
Combining (30) and (31), and recalling estimate (12), we obtain
d
dt
Z
l2
2t
jEij2  Ei  ji þ
l2
2t
jEej2 þ Ee  je
 
dx
pC0
l2
ðjjjijj2 þ jjjejj2Þ 
1
l2
ðp0iðnnÞjjdnijj2 þ p0eðnnÞjjdnejj2Þ
 nnjjEjj2 þ CjjdVjjC1 jjdUjj2: ð32Þ
We deﬁne
h0 ¼ h þ l
2
2
jEj2 þ mt l
2
2t
jEij2  Ei  ji þ
l2
2t
jEej2 þ Ee  je
 
; ð33Þ
where m and n are real numbers. Using (27) and (32), we obtain
d
dt
Z
h0 dxp t
Z
g0 dxþ C0jjdVjjC1 jjdUjj2; ð34Þ
for some positive constant C0; with
g0 ¼ 1
nn
 C0t
2m
l2
 
ji
t


2
þ je
t


2
 !
þ nnmjEj2 þ m
l2
ðp0iðnnÞdn2i þ p0eðnnÞdn2eÞ:
We prove that it is possible to choose m such that both h0 and g0 are positive deﬁnite
quadratic forms.
First, we show that there exist a positive value %m such that if 0omo %m; then h0 is
positive deﬁnite around Vn ¼ ðFn; 0; 0Þ as a function of dV ¼ ðdF;Ei;EeÞ: It sufﬁces
to consider the part of h0 which depends on ja and Ea; which is a quadratic form in
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ðji;Ei; je;EeÞ?; with matrix
1
2
1
ni
tm 0 0
tm l2ð1þ mÞ 0 l2
0 0 1
ne
tm
0 l2 tm l2ð1þ mÞ
0
BBBB@
1
CCCCA:
This matrix is positive deﬁnite if its principal minors are positive deﬁnite, that is,
1
ni
40; ð35Þ
l2
ni
þ mni40; ð36Þ
1
ne
l2
ni
þ mni
 
40; ð37Þ
l2
ni
þ mni
 
l2
ne
þ mne
 
 l
4
nine
40; ð38Þ
with
na ¼ l
2
na
 t2m; a ¼ i; e:
For positive values of m; inequalities (35)–(38) are satisﬁed all together if ni and ne are
positive, that is
momin l
2
t2ni
;
l2
t2ne
 
: ð39Þ
This inequality if meaningful if we choose jjdnijjC0 and jjdnejjC0 smaller than nn=2; so
that both ni and ne are strictly positive.
Next, we prove that it is possible to choose m so that also g0 is a deﬁnite positive
quadratic form as a function of dU: It is sufﬁcient to restrict the choice of the
parameter m in order to satisfy the additional condition
mo l
2
C0t2nn
: ð40Þ
With this choice of m; there exist positive constants Kh; Kg such that
2KhjjdVjj2p
Z
h0 dx; 2KgjjdUjj2p
Z
tg0 dx: ð41Þ
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Therefore, choosing e0 ¼ minfKg=C0; nn=2g and employing assumption (28), the
estimate (34) implies
d
dt
Z
h0 dxp KgjjdUjj2: ð42Þ
Integrating both sides of estimate (34) with respect to time and using (17), we get
KhjjdUð; tÞjj2p
Z
h0ðx; 0Þ dx Kg
Z t
0
jjdUð; t0Þjj2 dt0: ð43Þ
Finally, using Gronwall’s lemma, estimate (43) provides a control on the L2 norm of
dU; and the assertion of the lemma follows, with K ¼ Kg=Kh: &
To extend this approach to the derivatives of dU; we show that the existence of an
additional conservation law for the variables of system (22) implies the symmetriz-
ability of the system.
To see this, we observe that Eq. (22) can be viewed as a constraint for the
functions that satisfy the balance equation (24). Using Liu’s lemma [32], there exist
Lagrange multipliers K ¼ ðLni ;Lji ;Lne ;LjeÞ? such that the new unconstrained
equality
@h
@t
þ @rhr  g  K  @F
@t
þ @rFr  P
 
¼ 0; ð44Þ
holds for all continuous differentiable ﬁelds F: Then, it follows
@h
@F
¼ K; @h
r
@F
¼ K  @F
r
@F
; ð45Þ
and the residual equality
g ¼ K  P: ð46Þ
The Lagrange multipliers are explicitly given by
Lna ¼ e0aðnaÞ  e0aðnnÞ 
jjaj2
2n2a
; Lja ¼
ja
na
; a ¼ i; e:
In the following, we use the index notation K ¼ ðLAÞ?; where A; B;y are indices
corresponding to ni; ji; ne; je: In the same way, we write F ¼ ðFAÞ?; Fr ¼ ðFArÞ?; and
use the implicit summation convention, so that, for instance,
LAFA ¼
X
A
LAFA ¼ LniF ni þ Lji  F ji þ LneFne þ Lji  F ji
¼Lnini þ Lji  ji þ Lnene þ Lji  ji:
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Relations (45) imply that system (22) is symmetric in the sense of Friedrichs [30], and
the symmetrizer is the symmetric, positive deﬁnite matrix @K=@F: In fact, using
relation (45), it is simple to see that
@LA
@F B
@FBr
@FC
¼ @LC
@FB
@F Br
@FA
: ð47Þ
Now we are ready to state the third step needed for the proof of Lemma 3.
Lemma 6 (Higher order estimates). Let U be a k times differentiable solution
of (1), (3) and (4) in the time interval ½0; T ; with kX1: There exists e0040 such
that, if
sup
0osoT
jjdVð; sÞjjC1pe00; ð48Þ
then for all tA½0; T  we have
jjdUð; tÞjj2HkpCeKtjjdUð; 0Þjj2Hk ; ð49Þ
for some positive constants K and C:
Proof. Recalling the notation introduced in Section 2, for any integer kX1; it is
immediate to see that the quantity
X
jJj¼k
Z
1
2
@LA
@FB
@JF
A@JF
B dx
is equivalent to jjDkFjj2: We can compute
d
dt
X
jJj¼k
Z
1
2
@LA
@FB
@JF
A@JF
B dx
¼
X
jJj¼k
Z
1
2
@
@t
@LA
@FB
@JF
A@JF
B þ @LA
@FB
@JF
A@J
@FB
@t
 
dx
¼
X
jJj¼k
1
2
Z
@2LA
@F B@F C
ðPC  @rF CrÞ@JF A@JFB dx
þ
X
jJj¼k
Z
@LA
@FB
@JF
A @JP
B  @J @F
Br
@F C
@rF
C
  
dx: ð50Þ
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Using the symmetry relation (47), integrating by parts, and using the Cauchy-
Schwarz inequality, we obtain
X
jJj¼k
Z
@LA
@FB
@JF
A@J
@F Br
@FC
@rF
C
 
dx
p 1
2
Z
@r
@LA
@FB
@F Br
@FC
 
@JF
A@JF
C dx
þ CAB
X
jJj¼k
jj@JF Ajj  @J @F
Br
@F C
@rF
C
 
 @F
Br
@F C
@Jð@rFCÞ



: ð51Þ
Recalling Lemma 1, we have
@J
@FBr
@F C
@rF
C
 
 @F
Br
@F C
@Jð@rFCÞ




pC D @F
Br
@FC




LN
jjDk1@rFC jj þ Cjj@rFC jjLN Dk
@F Br
@FC




pCjjDdFjjLN jjDkdFjj: ð52Þ
We also have
jjPjjLNpCjjdUjjLN : ð53Þ
Using (51)–(53) in (50), we arrive to the estimate
d
dt
X
jJj¼k
Z
1
2
@LA
@F B
@JF
A@JF
B dx
p
X
jJj¼k
Z
@LA
@FB
@JF
A@JP
B dxþ CjjdUjjC1 jjDkdFjj2: ð54Þ
Estimate (54) is the analog of the energy estimate (25). It is simple to prove the
analog of (26),
d
dt
X
jJj¼k
Z
l2
2
@JE  @JE dx ¼ 
X
jJj¼k
Z
@JE  @Jðji  jeÞ dx: ð55Þ
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Finally, combining (54) and (55), and recalling the deﬁnition of P (23), we obtain
d
dt
X
jJj¼k
Z
1
2
@LA
@F B
@JF
A@JF
B þ l
2
2
@JE  @JE
 
dx
p
X
jJj¼k
Z
1
tni
@J ji  @J ji þ
1
tne
@J je  @J je
 
dx
þ
X
jJj¼k
Z
1
ni
@J ji  ½@JðniEÞ  ni@JE dx

X
jJj¼k
Z
1
ne
@J je  ½@JðneEÞ  ne@JE dx
þ CjjdUjjC1 jjDkdUjj2: ð56Þ
Using Moser’s calculus, we ﬁnd
d
dt
X
jJj¼k
Z
1
2
@LA
@FB
@JF
A@JF
B þ l
2
2
@JE  @JE
 
dx
p 1
tnn
ðjjDkjijj2 þ jjDkjejj2Þ þ CjjdUjjC1 jjDkdUjj2: ð57Þ
Now we evaluate
d
dt
X
jJj¼k
Z
@JEa  l
2
2t
@JEa  qa@J ja
 
dx
¼ 1
l2
X
jJj¼k
Z
@J ja  @JðrD1r  jaÞ dx
þ qa
X
jJj¼k
Z
@JEa  @J r  ja#ja
na
  
dx
þ qa
X
jJj¼k
Z
@JEa  @Jfr½paðnaÞ  p0aðnnÞdnag dx
þ qa
X
jJj¼k
Z
@JEa  @Jfp0aðnnÞdna  qanaEg dx: ð58Þ
We estimate the right-hand side term by term. Recalling the deﬁnition of @J ; we can
write this operator as the composition of the operator @s with a derivative @
0
J of order
k  1: Integrating two times by parts, for the ﬁrst integral at the right-hand side of
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(58) we ﬁnd X
jJ 0 j¼k1
Z
@s@J 0 ja  @s@J 0 ðrD1r  jaÞ dx
¼ 
X
jJ 0 j¼k1
Z
@J 0 ja  D@J 0 ðrD1r  jaÞ dx
¼
X
jJ 0 j¼k1
Z
ð@J 0r  jaÞ2 dxpCkjjDkjajj2: ð59Þ
Here, we are implicitly summing over s:
For the second term, decomposing the operator @J as above, integrating by parts
and using Poisson equation (14), we obtain
qa
X
jJ 0j¼k1
Z
@s@J 0E
r
a@s@J 0r 
jra
na
ja
 
dx
¼  qa
X
jJ 0 j¼k1
Z
@J 0DEra@J 0r 
jra
na
ja
 
dx
¼  1
l2
X
jJ 0 j¼k1
Z
@J 0@rdna@J 0r  j
r
a
na
ja
 
dx
pCjjdFjjC1 jjDkdFjj2:
The last inequality is obtained by employing Moser’s calculus. The third term at the
right-hand side of (58) is dealt in a similar way, by using Lemma 2.
Finally, integrating by parts and using Moser’s calculus and Poisson equation (14)
again, for the last term in (58) we get
qa
X
jJj¼k
Z
@JEa  @Jfrp0aðnnÞdna  qanaEg dx
¼  1
l2
p0aðnnÞjjDkdnajj2 
X
jJj¼k
Z
nn@JEa  @JE dx
þ qa
l2
X
jJ 0 j¼k1
Z
@J 0rdna  @J 0 ðdnaEÞ dx
p 1
l2
p0aðnnÞjjDkdnajj2 
X
jJj¼k
Z
nn@JEa  @JE dx
þ CjjdUjjC0 jjDk1dUjjjjDkdUjj: ð60Þ
In conclusion, using these results in (58), we arrive to
d
dt
Z
hk dxp t
Z
gk dxþ CjjdUjjC1ðjjDk1dUjj2 þ jjDkdUjj2Þ; ð61Þ
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with
hk ¼
X
jJj¼k
1
2
@LA
@F B
@JF
A@JF
B þ l
2
2
jDkEj2
þ mt l
2
2t
jDkEij2 
X
J¼k
@JEi  @J ji þ
l2
2t
jDkEej2 þ
X
J¼k
@JEe  @J je
( )
;
and
gk ¼ 1
nn
 Ckt
2m
l2
 
Dk
ji
t


2
þ Dk je
t


2
 !
þ nnmjDkEj2 þ m
l2
ðp0iðnnÞjDkdnij2 þ p0eðnnÞjDkdnej2Þ:
Proceeding similarly as in the proof of Lemma 5, it is not difﬁcult to prove that the
constant m can be chosen so that hk is equivalent to jjDkdVjj2; and gk is equivalent to
jjDkdUjj2; provided jjdFjjLN is smaller than an appropriate constant %n: Then, we can
estimate
2KhjjDkdVjj2p
Z
hk dx; 2KgjjDkdUjj2p
Z
tgk dx; ð62Þ
with the same constants Kh; Kg as in (41).
Combining the zero order estimate (34) with the higher order estimates (61), up to
the kth order, we ﬁnd
d
dt
Xk
r¼0
Z
hr dxp ð2Kg  C00jjdVjjC1Þ
Xk
r¼0
jjDrdUjj2:
Similar to the conclusion of the previous Lemma, setting e00 ¼ minfKg=C00; %ng and
using assumption (48), we integrate with respect to time and use (62), to obtain
KhjjdUð; tÞjj2Hkp
Xk
r¼0
Z
hrðx; 0Þ dx Kg
Z t
0
jjdUð; sÞjj2Hk ds: ð63Þ
The seeked estimate (49) follows immediately by invoking Gronwall’s lemma. &
Lemma 3 is a simple consequence of Lemmas 5 and 6, recalling that the C1 norm
of dV is controlled by UðTÞ; employing Sobolev estimate (19) and the elliptic
regularity estimate (16).
Remark 2. Estimate (54) is valid also for more general plasma models consisting of
the balance laws for mass, momentum and energy, since its proof requires only the
existence of an additional balance law, such as the entropy equation. Besides (54),
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the proofs of Lemmas 5 and 6 reside heavily on the structure of the production term
P: Comforted by the results obtained in [1], we expect a priori estimates such as in
Lemma 3 to be valid also in the presence of thermal effects, at least when the
production term is of relaxation type around equilibrium.
Remark 3. Our estimates do not allow the quasineutral limit l-0: For instance, the
quadratic form h0 (recall deﬁnition (33)) cannot be positive deﬁnite in the limit l-0
(see (39)) since we loose the electric energy part l2jEj=2 in (33).
Anyway, our estimates do allow the limit t ¼ te ¼ ti-0: We introduce the scaled
time and current densities
t0 ¼ tt; j0aðx; t0Þ ¼
1
t
ja x;
t0
t
 
:
At the same way, we introduce the functions
n0aðx; t0Þ ¼ na x;
t0
t
 
; E0ðx; t0Þ ¼ E x; t
0
t
 
:
Keeping track of t in the proofs of Lemmas 5 and 6, it is simple to see that the
constant K is proportional to t; K ¼ tK 0: Moreover, we have
dUðx; tÞ ¼ ðdni; ji; dne; je;EÞ?ðx; tÞ ¼ ðdn0i; tj0i; dn0e; tj0e;E0Þ?ðx; ttÞ:
Thus, in terms of the rescaled variables, the ﬁnal a priori estimate (20) in Lemma 3
becomes
jjðdn0i; tj0i; dn0e; tj0e;E0Þð; t0Þjj2HspCeK
0t0 jjðdn0i; tj0i; dn0e; tj0e;E0Þð; 0Þjj2Hs :
This estimate is valid also as t tends to zero. In the limit t ¼ 0; the primed variables
satisfy the diffusion system
@
@t
n0a þr  j0a ¼ 0;
rpaðn0aÞ ¼ qan0arf0  j0a;
 l2Df0 ¼ n0i  n0e:
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